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Effect of Delamination of Axially Loaded
Homogeneous Laminated Plates

G. J. Simitses,* S. Sallam,f and W. L. Yin}
Georgia Institute of Technology, Atlanta, Georgia

A simple one-dimensional model has been developed and analyzed for predicting delamination buckling
loads. The model is employed to predict critical loads for delaminated homogeneous plates with both simply
supported and clamped ends. The effects of delamination position, size, and thickness on the critical loads are
studied in detail for both sets of boundary conditions. The results reveal that for certain geometries the buckling
load can serve as a measure of the load carrying capacity of the delaminated configuration. In other cases, the
buckling load is very small and delamination growth is a strong possibility, depending on the toughness of the

material.

1. Introduction

HE constant demand for lighter and more efficient

structural configurations has led the structural engineer
to the use of fiber reinforced composites. At the same time,
this demand forced upon him very sophisticated methods of
testing, of analysis and design, as well as of fabrication and
manufacturing. The recent explosive progress in producing
and using composite materials has pointed toward the clear
possibility of creating specific materials for specific missions.
A testimony to this is the present wide use of laminated
plates and shells as primary structural components.

In addition to the usual geometric imperfections that are
inherent in metallic plates and shells, laminated geometries
are prone to such defects as broken fibers, cracks in the
matrix materials, and delaminated areas (separation of ad-
joining plies). Delaminations are developed as a result of im-
perfections in production technology or the effect of certain
factors during the operational life of the laminate, such as
impact by foreign objects. Because of this, the delamination
can be located in various places relative to the bounding sur-
faces of the geometry. Regardless of its origin or location,
delamination may reduce the load carrying capacity of the
laminate and, thus, affect greatly the safety (damage
tolerance) of the system.

Problems of delamination growth in composites have
received attention in recent years. A fairly extensive review
may be found in Ref. 1 and its cited references. More re-
cently, the problem of delamination buckling and growth
was dealt with by several investigators. Troshin? addressed
primarily the question of delamination buckling in dealing
with a pressure-loaded laminar cylindrical shell. He assumed
that a delamination exists over a small part of the cir-
cumference, somewhere between the bounding surfaces of
the shell, and that it extends along the entire length of the
cylinder. He found critical pressures for various locations
and sizes of the delamination. The problem of delamination
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buckling and growth for a laminated plate was addressed by
Chai et al.’> They presented a one-dimensional model
describing the failure mechanism. They also presented
analyses for both a thin film delamination model (the
delamination divides the thickness into a large and a very
small part) and a general model (the two parts are virtually
of equal thickness). In both models the emphasis is placed
on studying the delamination growth by employing the frac-
ture (toughness) energy of the system. The paper gives
primarily a good description of and insight into the
phenomenon of delamination growth. There exist only a few
more papers that deal with instability-related delaminations
growth.*7

This paper deals primarily with the question of delamina-
tion buckling (as in Ref. 2) and how the presence of the
delamination affects the global load carrying capacity of the
laminated plate.

II. Mathematical Formulation

A one-dimensional modeling of the laminated plate is
employed similar to the one used in Ref. 3. The inherent
assumptions of this modeling include: 1) the properties of
the plate are homogeneous and, at most, orthotropic; 2) the
material behavior is linearly elastic; and 3) delamination ex-
ists and grows (if it does) along a plane parallel to the
reference plane. This simplified modeling is employed in
order to understand better and give more attention to the
physical behavior, rather than get involved (and lost) in a
more complex model with several additional parameters and
a considerably more difficult solution scheme. In accordance
with this philosophy, it is also assumed that the delamination
exists before the compressive loading is applied. The location
and length (size) of the delamination are arbitrary and the
ends of the plate are either hinged or clamped (see Fig. 1).
Note that, because of the one-dimensional modeling, the
sides of the plate are free. Finally, it is assumed that the
delamination separates the column (or plate) into four
regions, each having such dimensions (lengths and
thicknesses) that Euler-Bernoulli beam theory is applicable
(this assumption may also be removed by employing more
accurate theories for small length to thickness ratios).

The three axes of orthotropy are parallel to the reference
frame x, y, z. The natural plane of the plate lies on the x-z
plane. The plate is of unit width and is subjected to a
uniform compressive load P along the supported edges. A
layer of uniform but arbitrary thickness # and of length « is
delaminated (see Fig. 1). The delamination extends across
the entire width of the plate (one-dimensional modeling).
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Fig. 1 Geometry, loading, and sign convention.

Note from Fig. 1 that the delamination divides the plate
(column) into four regions, 1-4. The coordinate system is
such that x is measured from the left end. Moreover, u; and
v; (i=1,2,3,4) denote the in-plane and transverse
displacements of material points on the midplane ‘of each
region (each part). For example, v, is the transverse displace-
ment of material points on the plane 4/2 units from the top
surface (region 3), while v, is the transverse displacement of
material points on the plane H/2 units from the bottom sur-
face (region 2). Furthermore, note that because of the Euler-
Bernoulli assumptions v,(x) characterizes the transverse
displacement of every material point in region / and position
x. Similarly, the in-plane displacement, u;(x,y;), of every
material point is given by

4 (x5,y;) = u;(X) = Y0, M

where y; is measured from the midsurface of each region and
the comma denotes differentiation with respect to the index
that follows. The necessary equations, including kinematic
relations, constitutive relations, relations between loads and
moments on one side and kihematic parameters on the other,
and equilibrium equations, are given as follows.

€xx; = 6xx, ViU, fgxizui,x'*' VZU,?’X ¢}
Oy = (B ©)
p,= SA,' 0p,dA; =E A€l = Crp €l
M;=— SA. YiodA; =E T, =D, v,
Vi=(Buliv, ), + P, = — Dy, ), +Pu, (4)
Py =0  (Dyp, ) —Puv, =0 )

where E,, is the x-direction Young’s modulus, 4, the region
i cross- sectlonal area (A;,=h;, h;=t, h,=H, h3 =h, and
h,=t), I, the region i second moment of the cross-sectional
area about the lateral in-plane axis z(I;=Aj/12), and V; the
transverse shear load, needed for equ1hbr1um

§ThlS is the case when the sides are free (wide column; o, = 0); in the
case of a plate strip (¢,, = 0), E,, must be replaced by E ./ (1=v,v.).
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The boundary conditions, both in-plane and transverse,
and the continuity conditions (kinematic and in internal
loads) are as follows.

In-plane boundary conditions:
at x=0: u,=0; at x=L: P,=-~P 6)

Transverse boundary conditions:
1) Simple supports
at x=0: v,;=0 and v, =0

at x=L: v,=0 and vy = 0 (7a)
2) Clamped supports
at x=0: v;=0and v; =0

at x=L: v,=0 and vy =0 (7b)

Kinematic continuity conditions:
at x=/{,

ul-—(H/Z)v,,xzu}; u1+(h/2)UI,X=u2
Up=U, =03 Up, =Up =Us (8a)
at x; ={+a
u4—(H/2)v4,X:u3; u4+(h/2)v4,X=u2
Up=U3=0y; Uy =3 =Uy (8b)

Continuity in moments and forces:
at x=/{,

M, —M; —M; + (H/2)P;— (h/2)P,=0

-Vi+V,+V;=0, P,—P,—P;=0 (%9a)
at x={,+a
M, +M;—M,— (H/2)P; + (h/2)P,=0
=V, =V;+V,=0; P,+P;—P,=0 (Sb)
where M;, V;, and P; can be expressed in terms of the dis-

placement gradients, through Eqgs. (4) and (2).

A. Primary (Membrane) State Solution

As the compresswe load P is applied (quasi) statically, the
plate remains flat and a primary state solution is characterized
by

=0 and ul=A;x+B, (10)

where A; and B, are arbitrary constants.
Use of the boundary and continuity conditions leads to
complete knowledge of the primary state, or

vP=0; uP= (PE/Cy)x; i=1,2,3,4 (11)
and

=P{=—-P;, P{=—(H/t)P; P0=—(h/t)P (12)

MP=0; VP=0; i=123,4 (13)
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B. Buckling Equations

The buckling equations are derived by employing a pertur-
bation method (Refs. 8-10), based on the concept of the ex-
istence of an adjacent equilibrium position at a bifurcation
point (or at a limit point). The required steps are as follows:
start with the equilibrium equations and proper boundary
and interior continuity conditions, Egs. (5-9), perturb them
(from the primary state) by allowing small kinematically ad-
missible changes in the displacement functions, make use of
equilibrium at a point at which an adjacent equilibrium path
is possible (critical point), and retain first-order terms in the
admissible variations. The resulting linear ordinary-
differential equations are the buckling equations. The cor-
responding boundary and continuity conditions are also ob-
tained by perturbation technique.

The following expressions are substituted in Eqgs. (5-9):

P;=P/+P} u=ul+uf; v;=uvf
M,=M% V,=Ve (14)

1

where the superscript ¢ parameters denote the small addi-
tional changes (that correspond to the admissible variations
v? and 9. The buckling equations are

P{ =0 (15)

D, . v?

XX xexx

— Pt =0 (16)
The related conditions are as follows.
In-plane boundary conditions:

at x=0: uj=0; at x=L: P5=0 7

Transverse boundary conditions:
1) Simple supports

at x=0: vi{=0and vj =0

at x=L: v$=0 and v, =0 (18a)
2) Clamped supports

at x=0: vi=0 and v§ =0

atx=L: v4=0 and vy =0 (18b)

Kinematic continuity conditions:
at x=1;

uj— (H/2)vj =us; uj+ (h/2)v], =uj

vi=v§=v8; 0§ =v§ =v8 (19a)
at x={,+a
u§=uf— (H/2)vg ; uj=uj+ (h/2)vg
vy=v§=v8; v =v§ =0v§ (19b)
Continuity in moments and forces:
at x=1,
M% — M5 —M%+ P4 (H/2)—P5(h/2)=0
~Ve+Vi+Vé=0; P{—P§—Pj=0 (20a)
at x={,+a
M5 +M§—MS—PS(H/2)+ P (h/2)=0
—Vi=V5+Vi=0; P43+P5—P;=0 (20b)
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C. Solution of Buckling Equations
The solution to the buckling equations can be written as

u?= Ci]x + CiZ (Zla)

and
vi=ga;sink;x + a,cosk, +azx+ay (21b)

where k?=— (P,P/DXX,,) and PP are given by Egs. (12)
(i=1,2,3,4).

Note that, since the admissible variations in the displace-
ment components can be made as small as one wishes, the
reference surface strain can be linearized, or [see Eq. (2)]

(el )e=us_ 22)

Thus, the expressions for the internal forces and moments
become [see Egs. (4)]

- . = . - B
Pi= Cxxiuﬁx, Mi= Dxxivﬁxx, Vi= —Dxxl,v;{_ux + Pivﬁx (23)

Moreover, the solution to the buckling equations, Eqgs.
(21), requires knowledge of 24 conmstants (C;,, Ci, a;,
i=1,2,3,4, and j=1,2,3,4,). There exist 24 boundary and
continuity conditions, which are homogeneous in u% v¢ and
their space derivatives. These consist of two in-plane bound-
ary conditions, Egs. (17), four transverse boundary condi-
tions, either Eqs. (18a) or Eqs. (18b), twelve kinematic con-
tinuity conditions, Egs. (19a) and (19b), and six continuity
conditions in moments and forces, Eqs. (20a) and (20b).

Use of the boundary conditions yields a system of linear,
homogeneous algebraic equations in C;;, Cp;, and a;. For a
nontrivial solution to exist the determinant of the coeffi-
cients must vanish. The determinant contains geometric
parameters and the applied load P, because of the presence
of PP [see Eqgs. (12)].

Before proceeding with the description and actual solution
of the determinant, certain nondimensionalized parameters
are introduced. These are

. a -
a=—; h=

; H=
L

h H )
L H="=1-h
t t

N2 =PL?/D,,; p=P/P

Crperf

D3 =P;/Pyn; Puyin =47F2Dxx3/02 )

Ctpert = #?D,, /L? for simple supports

=47"2Dxx, /L? for clamped supports

Moreover, all a; coefficients [see Eqgs. (21b)] have been
changed to (v? is dimensional; when divided by ¢ it becomes
nondimensionalized)

ay=a;/t  i=1234; j=124 (25a)
and

Gz =auL/t for all i (25b)

Depending on the boundary conditions [simple support
(SS) or clamped] some of the constants are zero and others
can easily be eliminated or expressed in terms of the remain-
ing ones. For both sets of boundary conditions, the system
of linear homogeneous algebraic equations is reduced in
number to nine. These can be written in matrix form as

[F1{X}=0 (26)

where [F] is a 9x 9 matrix and { X} a 1 X9 (column) matrix.
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The elements of the two matrices differ, depending on the
boundary conditions. They are

(XVT = (d;;,d,5,d21,d2, 53, 037,d57,44;,C3;); SS
=(ay7,412,027,025,033,03;,037,d4;,C3;);  clamped  (27)

The elements of the [F] matrix F;; are listed in the
Appendix.

As already mentioned, the characteristic equation is given
by

IF,1=0 28)

and the lowest eigenvalue (A) is a measure of the critical
load. Note that the elements of the determinant in Eq. (28)
contain the geometric parameters, A, £;, and 4 in addition to
the load parameter A. :

A computer program has been written for finding the

critical load, A, for various combinations of the geometric
parameters.

III. Results

The Georgia Institute -of Technology high-speed digital
computer CDC-Cyber 70, Model 74-28, was employed for
generating results. These results are presented both in tabular
and graphical form.

Table 1 shows values of critical loads p of a clamped con-
figuration with a symmetric delamination [see Eq. (24)], for
several values of the delamination length parameter a, and
of the delamination thickness parameter /. The last row gives
the sum of the buckling loads of the two parts, if the
delamination extends through the entire length ¢= 1. The sum
D is a measure of the load carrying capacity of the completely
damaged configuration '

_ o H

T _ 3 3
Py = 0 + 0 W+ (1-h) (29)

These results are also shown graphically in Fig. 2. It is
clearly seen from these results that as long as d<Ah, the
buckling load is not affected appreciably by the presence of
the delamination, provided that the delamination thickness is
relatively small (/<0.2). For the same condition of ¢<#, the
presence of the delamination becomes more pronounced as
one approaches a midthickness delamination (2=0.5). Note
that for this extreme case, when d=#A=0.5, P, =0.69 and
P, increases as @ becomes smaller and smaller. On the other
hand, when @=# the buckling load is greatly affected and it
drops drastically, especially for the smaller values of the
delamination thickness.
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A comparison of the buckling loads with the buckling load
for the completely damaged system (last number in each col-
umn) reveals certain observations which suggest related con-
clusions. When @ =< & the values for P, are higher than Py, .
This suggests that for these geometries the load carrying
capacity of the system is related to and measured by the
buckling load of the delaminated configuration. On the
other hand, for >4 buckling occurs at low values of the
applied load. Then, if the load is further increased, this may
lead to delamination growth and the damaged area may ex-
tend along the entire length of the system. This, of course,
depends on the fracture toughness of the material, but the
implication is that P,,,, is a good lower bound for the load
carrying capacity of the delaminated configuration. The
problem of postbuckling behavior, delamination growth, and
accurate estimation of the load carrying capacity of a
delaminated configuration is the subject of another paper!!
by the same authors.

In Table 2, the value of the load in region 3 at the instant
of buckling is given for the same range of parameters, ¢ and
h, as in Table 1. These results are also for the case of
clamped supports. The values for this region 3 load are non-
dimensionalized with respect to the critical load of the region
3 geometry, as if its ends were clamped. This is done
primarily for finding the range of parameters 4 and # for
which thin-film analysis holds.? Clearly, when p; is close to

1.00 T T
75|k R=02 i
- h=.10
\ h=-.20
«— h=50

.25}

0.00
0-00 .25 .50 75 100

Fig. 2 Effect of symmetric delamination on buckling loads of wide
column with clamped ends.

Table 1 Buckling loads for a symmetric delamination—clamped boundaries

h

a 0.02 0.05 0.1 0.2 0.3 0.4 0.5
0.025 0.6400 1.0000~2 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~
0.05 0.1600 0.9949 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~
0.10 0.0400 0.2499 0.9799 0.9997 0.9998 0.9999 0.9999
0.15 0.0178 0.1111 0.4434 0.9966 0.9985 0.9989 0.9990
0.20 0.0100 0.0625 0.2495 0.9264 0.9924 0.9950 0.9956
0.25 0.0064 0.0400 0.1597 0.6256 0.9662 0.9835 0.9859
0.30 0.0044 0.0278 0.1109 0.6317 0.8582 0.9543 0.9638
0.40 0.0025 0.0152 0.0624 0.2470 0.5314 0.7883 0.8481
0.50 0.0016 0.0100 0.0400 0.1585 0.3469 0.5675 0.6896
0.60 0.0011 0.0069 0.0278 0.1103 0.2435 0.4124 0.5411
0.70 0.0008 0.0051 0.0204 0.0812 0.1804 0.3111 0.4310
0.80 0.0006 0.0039 0.0156 0.0623 0.1390 0.2428 0.3514
0.90 0.0005 0.0031 0.0123 0.0493 0.1105 0.1949 0.2923
1.00 0.0004 0.0025 0.0100 0.0400 0.0900 0.1600 0.2500
Piam 0.9412 0.8572 0.7300 0.5200 0.3700 0.2800 0.2500

21.000 " indicates slightly smaller than one.
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unity, thin-film analysis is applicable and, thus, delamina-
tion growth can be treated by the simpler analysis® developed
for the case of thin-film behavior. Thin-film behavior im-
plies that region 3 only experiences buckling and postbuck-
ling deformations while the remainder of the plate remains
undeformed. For small values of 4, say, £=<0.02, thin-film is
applicable for all values of 4. As A increases, toward its max-

1.00

.75

.25k

0.00 ! '
0-00 25 50 75 1.00
—_— g
Fig. 3 Effect of symmetric delamination on buckling loads of wide
column with simply supperted ends.
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imum value of 0.5, the region of applicability of thin-film
analysis is confined toward the high g-value region.

Similar results are presented in Tables 3 and 4 and Fig. 3,
respectively, for the case of simply supported ends. In Table
3, p is nondimensionalized with respect to the perfect
geometry critical load for simply supported ends. The values
corresponding to py., (last row) are the sum of the contribu-
tions of both parts acting independently of each other and
both being simply supported. This may be questionable,
because a better description of the completely damaged plate
is needed. For example, if, when the delamination extends
along the entire length, the thin part is lost (it becomes
disconnected), then a better measure for Py, would be
(1— k)’ rather than #° +(1- Ah)°. It is also worth mentioning
here that the values (P) corresponding to a=1 (next to the
last row) are calculated under the assumption that both parts
(regions 3 and 2) have the same slope at the boundaries.

The trends, observed in the case of clamped supports, are
also observed here but the regions seem to have shifted. For
instance, in Table 1 it was observed that, as long as a<A#,
the buckling load was not affected appreciably by the
presence of the delamination, for relatively small delamina-
tion thickness. In Table 3 this statement is also true, but
a<h must be replaced by a<2#, and so on.

So far results have been presented and discussed for the
case of symmetrically located delaminations [£ =0.5
(1—a)]. Next, results are presented in Tables 5-8 for the
case for which the delamination is asymmetrically located.

Tables 5 and 6 present results for the case of clamped sup-
ports, in terms of buckling loads p for various values of #,
and f;. The results in Table 5 correspond to 2=0.1 and those
in Table 6 to d=0.2. It is seen from Tables 5 and 6 that as

Table 2 Region of applicability of thin film analysis for a symmetric
delaminated wide column with clamped ends

h
a 0.02 0.05 0.10 0.20 0.30 0.40 0.50
0.025 1.0000~ 0.2500 0.0625 0.0156 0.0069 0.0039 0.0025
0.05 1.0000~ 0.9949 0.2500 0.0625 0.0278 0.0156 0.0100
0.10 1.0000~ 0.9998 0.9799 0.2499 0.1111 0.0625 0.0400
0.15 1.0000 ™ 0.9998 0.9979 0.5606 0.4963 0.1405 0.0899
0.20 1.0000~ 0.9998 0.9981 0.9264 0.4411 0.2488 0.1593
0.25 1.0000~ 0.9998 0.9983 0.9775 0.6710 0.3842 0.2465
0.30 1.0000~ 0.9998 0.9985 0.9835 0.8582 0.5368 0.3470
0.40 1.0000~ 0.9998 0.9987 0.9882 0.9447 0.7883 0.5428
0.50 1.0000~ 0.9999 0.9990 0.9909 0.9636 0.8868 0.6896
0.60 1.0000~ 0.9999 0.9992 0.9931 0.9741 0.9279 0.7792
0.70 1.0000~ 0.9999 0.9994 0.9950 0.9819 0.9528 0.8447
0.80 1.0000 1.0000~ 0.9996 0.9967 0.9885 0.9712 0.8996
0.90 1.0000~ 1.0000~ 0.9998 0.9984 0.9945 0.9865 0.9503
1.00 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~
Table 3 Buckling loads for a symmetric delamination—simply supported boundaries
h

a 0.02 0.05 0.10 0.20 0.30 0.40 0.50
0.025 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~
0.05 0.6400 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~
0.10 0.1600 0.9929 1.0000~ 1.0000~ 1.0000~ 1.0000~ 1.0000~
0.15 0.0711 0.4431 0.9996 0.9999 0.9999 0.9999 0.9999
0.20 0.0400 0.2499 0.9723 0.9996 0.9997 0.9997 0.9997
0.25 0.0256 0.1600 0.6376 0.9979 0.9989 0.9991 0.9992
0.30 0.0178 0.1111 0.4432 0.7932 0.9971 0.9977 0.9980
0.40 0.0100 0.0625 0.2494 0.9016 0.9827 0.9902 0.9912
0.50 0.0064 0.0400 0.1596 0.6178 0.9402 0.9686 0.9729
0.60 0.0044 0.0278 0.1109 0.4331 0.8149 0.9198 0.9343
0.70 0.0033 0.0204 0.0815 0.3193 0.6484 0.8351 0.8703
0.80 0.0025 0.0156 0.0624 0.2450 0.5118 0.7264 0.7867
0.90 0.0020 0.0123 0.0493 0.1938 0.4106 0.6177 0.6966
1.00 0.0016 0.0100 0.0399 0.0399 0.3356 0.5229 0.6110
Pim 0.9412 0.8572 0.7300 0.5200 0.3700 0.2800 0.2500
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Table 4 Region of applicability of thin film analysis for a symmetric

delaminated wide column with simply supported ends

h
a 0.05 0.10 0.20 0.30 0.40 0.50
0.025 0.3906 0.0625 0.156 0.039 0.0017 0.0010 0.0006
0.05 1.0000~ 0.2500 0.0625 0.0156 0.0069 0.0039 0.0025
0.10 1.0000~ 0.9929 0.2500 0.0625 0.0278 0.0156 0.0010
0.15 1.0000~ 0.9997 0.5622 0.1406 0.0630 0.0352 0.0225
0.20 1.0000~ 0.9997 0.9723 0.2499 0.1111 0.0625 0.0400
0.25 1.0000~ 0.9997 0.9963 0.3898 0.1734 0.0976 0.0624
0.30 1.0000~ 0.9997 0.9971 0.5587 0.2493 0.1403 0.0898
0.40 1.0000~ 0.9997 0.9975 0.9016 0.4378 0.2476 0.1586
0.50 1.0000~ 0.9997 0.9977 0.9652 0.5454 0.3784 0.2432
0.60 1.0000~ 0.9997 0.9978 0.9744 0.6529 0.5174 0.3364
0.70 1.0000~ 0.9997 0.9978 0.9780 0.8826 0.6394 0.4265
0.80 1.0000~ 0.9997 0.9979 0.9800 0.9099 0.7264 0.5035
0.90 1.0000~ 0.9997 0.9979 0.9813 0.9238 0.7817 0.5643
1.00 1.0000~ 0.9997 0.9979 0.9822 0.9323 0.8170 0.6110

Table 5 Effect of delamination location on the buckling load
(clamped supports; d=0.1)

N
h 0.0 0.1 0.2 0.3 0.45
0.50 0.249954 0.249951 0.249946 0.249942 0.249939
0.10 0.980866 0.987098 0.997582 0.986807 0.979920
0.20 0.999148 0.995863 0.993894 0.995898 0.999714
0.30 0.998706 0.992255 0.988500 0.992384 0.999825
0.40 0.998081 0.987930 0.982222 0.988242 0.999860
0.50 0.997744 0.985681 0.979017 0.986116 0.999868
Table 6 Effect of delamination location on the buckling load
(clamped supports; d=0.2)
N\
h 0.0 0.1 0.2 0.3 0.4
0.05 0.062493 0.062491 0.062489 0.062488 0.062487
0.10 0.249749 0.249689 0.249616 0.249557 0.249534
0.20 0.932757 0.947982 0.945508 0.930942 0.926444
0.30 0.955741 0.914213 0.919476 0.961344 0.992392
0.40 0.924773 0.865234 0.876756 0.940164 0.995044
0.50 0.905107 0.840507 0.855468 0.927749 0.995538
Table 7 Effect of delamination location on the buckling load
(simple supports; d=0.1)
N
h 0.0 0.1 0.2 0.3 0.45
0.05 0.998639 0.996576 0.994855 0.993624 0.992901
0.10 0.999407 0.999511 0.999679 0.999847 0.999965
0.20 0.998517 0.998790 0.999232 0.999674 0.999985
0.30 0.997760 0.997760 0.998583 0.999409 0.999990
0.40 0.995823 0.996598 0.997849 0.999106 0.999991
0.50 0.995113 0.996020 0.997483 0.998954 0.999992
Table 8 Effect of delamination location on the buckling load
(simple supports; d=0.2)
NI
h 0.0 0.1 0.2 0.3 0.4
0.05 0.249936 0.269933 0.269931 0.249929 0.249929
0.10 0.988205 0.981420 0.976383 0.973308 0.972277
0.20 0.989043 0.991885 0.995416 0.998312 0.999429
0.30 0.979666 0.985074 0.991836 0.997459 0.999651
0.40 0.969003 0.977209 0.987545 0.996274 0.999719
0.50 0.963667 0.973241 0.985342 0.995645 0.999737
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long as A <4, the buckling load is the smallest, when the
delamination is located symmetrically with respect to the
midpoint of the wide column. On the other hand, when A>4d
the buckling load is the smallest when the delamination is
located in such a way that it spans the quarter point of the
wide column.

For the case of simply supported columns the results of
Tables 7 and 9 reveal similar trends. For A< 4, the buckling
load is the smallest when the delamination is located sym-
metrically with respect to the midpoint of the wide column.
Finally, for h=a, the buckling load is the smallest when the
delamination starts from the end of the wide column.

Note that in some cases, for A>d=0.2 and clamped
boundary conditions, the effect of delamination location on
the buckling load is considerable. From Table 6 one observes
that for #=0.5 p.;,=0.841 (f,=0.1) while p, . =0.996
¢, =0.4).

IV. Conclusions

A simple model has been employed to study delamination
buckling and the effect of location, size, and thickness of
delamination .on the buckling load. The simplicity of the
model limits the applicability of the results to the case for
which each layer is made out of the same, either orthotropic
or isotropic materials. For the case of laminates the present
results are not applicable, because there exists coupling be-
tween bending and extension and therefore there is no buck-
ling (in the classical sense of bifurcation from a primary
momentless state). For these geometries (laminates) the
results serve a different purpose. They can be employed to
relate the ultimate load carrying capacity of the completely
(throughout) damaged laminate to the allowable for the
delaminated laminate.

A good application of the present analys1s and results is in
the analysis of adhesive bonding of two similar materials.!?

Appendix A

The elements of the [F] matrix, F; [see Eq. (26)], are
listed below. The top expression corresponds to the case of
simple supports and the bottom to that of clamped supports.
If there is only one expression, it is applicable to both.

F;;=0; F; ;=0

I A +a)
I-h N +a N,
Fig=——]cos (Ih' 4 _ cos h—I]
I-KH[ . N +a N
F,=- 7 [sin (1}; a)-sin-h_i]
Frg= =0, Fiy=e il
BT TP Ra(1-h)

sink{,
Fy =4 sink{; +sin\ (I —{; —ad) ~\(I1—a)
~coth{I—cos(I—f;—d)}

1—a
F”_{cos)_\f]—l
I1-h 1-h
Fp=-— i Fry3 Foy=—7—Fp3; Fys=a; Fpe=0; Fy;=0
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(—sinhf
Fzs_{l—cosX(l—l?;—d) Fay=0
sinAf;
1=k
Fy={ sinkf; +sinA(I =, —a) - {I+4 i
~coth[1—cosh(I—f, —d)]
1eal=t
a—
h I1-h
Fi= 3 Fy3=F34=0; Fy5=— A
coshf, — 1
F 51n)-\(-1+d) sinxg_
3= i i
NV N
F;,=cos (1_ a)~ccs 2
h
—sinh (] —{, —a)
F ={ o : =
B 1=cosh(I—,—a)’ F=0
_{Xc'os)d’]
#7 L Reoshg; — R
1 X AL
F ={ - ey = —— 1-
2= _xsinkg} F8= T T
X N ;
F44=1—_—h—'Sln—I-—_T; F45= —1; F46=F47=F48=F49=0

NcosN, + A (1—HR)/h

—(I-h)/h
Fam{ ZU-RVE

~Xsinkg, ° Fu=Fu=0
I-h NN
F == Fy= —Tcos—h_—l

RN/
F57=—hvsmT; Fg=Fs9=0

0
Fz{_ o o
87 U R[cosh (I —f; —d) — 1] — RcotRsin\ (I — £, — d)

1 A N +a)
Fo=7 ,; = cos -
62 {o’ Fos = =g 05— -
A NS +ad)
Foy=—~—sin 1’ ——; Fgs=—1; Fs=Fy,=0
Acosh (1 — B,—a) _
Fog= { Asink(I—f—a) ° Foo=
0.
F71={ A
[cos)\(l ¢ a)+~—]—-)\cot)\s1n)\(1 {;—ad)
—1-h)/k
p,2={( Y Fay=Fuy=0; Fyy=(1~)/k
0
X (5, +d) A NG+ a)
F76——hfcos Ih' 3 Fyy=—=sin Ih.
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_{ —XcosN(—¢,—a) .
78“{Xsin>2(1—e;—d) P Fp=0
0

For =sinks; Fy, = { COSAE
1

_ M, - I
F83=—(1—h)51n71; F84=—(1—h)cosl Ih_

Y
Fys=0; F86=—hsin71—
_ A 2n2 K’
F87= —hCOST; F&?:O; Fggz“W
Fo={°
# L —sink (1 — €~ d) —cothcosh (I — f; —d)
- . NE+a) - NG +a)
Fog=—(I1—h)ysin—L—2; F,.=(I—h i,
9 7 5= (1= h)cos—
_ . N +a . A +a
Fps=0; Fog= —fisine 0D o jieos M+ @)
h h
_{sinh(I—f;-a) .
98—{COSX(17_1+5) P Fog=Fa
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